ABSTRACT. The 3x + 1 problem concerns iteration of the map T : Z → Z given by
Terminology
The 3x + 1 problem is most simply stated in terms of the Collatz function C(x) defined on integers as "multiply by three and add one" for odd integers and "divide by two" for even integers. That is, This paper analyzes the 3x + 1 problem by viewing the map T as acting on the domain Z 2 of 2-adic integers. The map T is topologically conjugate over Z 2 to the 2-adic shift map
by a conjugacy map Q 3 : Z 2 → Z 2 , i.e. Q 3 • T = S • Q 3 . (The map Q 3 equals the map denoted Q ∞ in Lagarias (1985) , and is the inverse of the map Φ in Bernstein (1994) .) The 3x + 1 Conjecture can be reformulated in terms of the behavior of Q 3 acting on integers, namely that Q 3 maps Z + into 1 3 Z. Consider more generally for any odd rational a the map T a (x) which sends x → ax+1 2 or x 2 , according as x is an odd or even 2-adic integer. The author observes there is an associated conjugacy map Q a : Z 2 → Z 2 with the same property as above, and formulates the Rationality Conjecture for Q a , which asserts that Q a maps the rationals with odd denominators to rationals. He shows that the Rationality conjecture is true for a = ±1 and is false for any odd rational a that is not an integer. For the remaining cases of odd integer a, where the Rationality Conjecture remains unsolved, he presents a heuristic argument suggesting that it should be true for a = ±3 and false for all odd integers |a| ≥ 5. 
This paper studies the conjecture that the only periodic orbit of the Collatz map on the positive integers goes through n = 1. They form an n × n zero-one matrix A n whose entries are A i,j = 1 if T (i) = j, 1 ≤ i, j ≤ n.
where T (n) is the 3x + 1 function, and A i,j = 0 otherwise. The assertion that {1, 2} is the only periodic orbit of T on the positive integers is shown to be equivalent to det(I − xA n ) = 1 − x 2 for all n ≥ 1. They prove that det(I − xA n ) = det(I − xA n−1 ) for all n = 8 (mod 18). They deduce that if there is another periodic orbit on the positive integers then there exists m ≡ 8 (mod 18) such that n = m 2 is in a periodic orbit. Various further conditions are deduced in the case n ≡ 8(mod 18), e.g. det(I − xA n ) = det(I − xA n−1 ) if n ≡ 8 (mod 54). This is given as Theorem 6.1 of the paper. This paper considers various "compressed" versions of the 3x + 1 graph, in which only a subset of the vertices are retained with certain directed paths in original 3x + 1 graph iterates of T (·) replaced by single directed edges. The initial "compressed" graph corresponds to odd integers, and the paper introduces two further "compressed" graphs with fewer allowed vertices. In each case, the 3x+ 1 Conjecture is equivalent to the graph being weakly connected, i.e. being connected when viewed as an undirected graph. The paper shows that certain kinds of vertex pairs in such graphs are weakly connected, typically for allowed vertices in certain congruence classes (mod 2 k ) for small k. This paper proves there are infinitely many positive n which have a finite total stopping time σ ∞ (n) > 6.14316 log n. It also shows that there is a positive c such that at least cx 1/60 of all integers 1 < n ≤ x have a finite total stopping time σ ∞ (n) > 5.9 log n. The proofs are computer-intensive, and produce a "certificate" encoding a proof, which is based on a search of 3x + 1 trees to depth 60. The "certificates" are quite large, involving about 350 million trees for the lower bound 6.14316 log n, which corresponds to a density of odd integers in a trajectory (the" ones-ratio") of 14 29 ≈ 0.483. This rigorous bound is below the bound σ ∞ (n) ≈ 6.95212 log n that one expects to hold for almost all integers, which corresponds to a ones-ratio of 1 2 . The paper gives heuristic arguments suggesting that the method of this paper might prove σ ∞ (n) ≈ 6.95212 log n holds for infinitely many n, but that it would likely require a search of 3x + 1 trees to depth at least 76. This would require a very large computation. : n ≥ 0} together with {2}. The weak 3x + 1 conjecture asserts that this semigroup contains all positive integers. The relation to the 3x + 1 problem is that the semigroup contains 1 and its generators encode the action of the inverse 3x + 1 function. It follows that the truth of the 3x + 1 conjecture implies the truth of the weak 3x + 1 conjecture. This paper proves the conjecture. Its main result shows that the semigroup R consists of all positive rational numbers Let d be a positive odd integer, and consider the 3x
2 if x is even, acting on the domain of positive integers. This paper shows that for any cycle C of the 3x + d map of length l containing k odd elements, the smallest element prg(C) in the cycle satisfies
From this follows log 2 3 < length(C) oddlength(C)
The author shows that the upper bound is sharp, and gives evidence that the lower bound is probably asymptotically approachable. Using bounds from transcendence theory (linear forms in logarithms) the author gives for the total number of cycles U d,k of oddlength k the upper bound dk c 0 , for a constant c 0 , and states that one may take c 0 = 32. He also shows that the largest element of any such cycle is bounded above by dk c 0 ( These tables give known divisors of numbers of form D = 2 l − 3 k for l ≤ 114. Numbers D of this form give 3x + D problems having many primitive cycles. This extends the analysis of Misiurewicz and Rodrigues (2005) for a semigroup associated to the 3x + 1 map. That paper showed every orbit of the semigroup is dense on the positive real axis. The current paper considers the orbits of a semigroup generated by T 0 (x) = ax, T 1 (x) = bx + 1, in which 0 < a < 1 < b. It defines various notions of "uniform distribution" on the positive real axis, and derives various results concerning uniform distribution of orbits of such semigroups, and existence of invariant measures for the semigroup on the positive real axis.
12. B. Brent (2002+), 3X+1 dynamics on rationals with fixed denominator, eprint: arXiv math.DS/0204170. This paper reports on computer experiments looking for cycles with greatest common divior 1 for the 3x + k problem, for various k ≡ ±1(mod 6). It suggests that for k = 7, k = 19 and k = 31 there is only one such cycle on the positive integers. Various other statistics are reported on. This paper asserts a proof of the Collatz conjecture. However the argument given has a gap which leaves the proof incomplete.
Namely, suppose N 0 is the starting value, and that N k is the k-th odd iterate to occur. Let E k denote the number of divisions by 2 that occur in reaching
The author notes that there is an integer T k such that
Here T k depends on k and may be positive or negative. The author then argues by contradiction, asserting in Section 2 the claim that the minimal counterexample N 0 must have 2 E k < 3 k for all k ≥ 1, which would imply that the sequence of iterates of N 0 diverges. The argument justifying this claim has a gap, it supposes 2 E k > 3 k , and asserts the contradiction that N k < N 0 . But in fact N k ≥ N 0 may hold if T k is sufficiently negative, and this possibility is not ruled out by the author's argument. Indeed large negative T k will occur if one follows the iterates that enter the cycle {1, 2} of the map T , for further iterates going round this cycle. This paper asserts a proof of the 3x + 1 conjecture. However the argument given has a gap which leaves the proof incomplete.
Namely, on the line just before equation (2.6) the expression 1 + 2t i,j ∼ 1 + 3n i+1,j should instead read 1 + 2t i,j ∼ 1 + 3n i,j , as given by equation (2.5). Hence instead of obtaining equation (2.6) in the form t i,j ∼ t i+1,j ∼ t i+2,j , one only obtains t i,j ∼ t i+1,j . This renders the proof of Theorem 2.15 incomplete, as it crucially depends on equation (2.6). Next the induction step in Lemma 3.1 cannot be completed, as it depends on Theorem 2.15. Finally the main result Theorem 3.3 has a gap since it depends on Lemma 3.1. The paper considers functions on f : {0, 1} ∞ → {0, 1} ∞ computable by invertible transducers. They give several formulations for computing such maps and consider several measures of computational complexity of such functions, including tree complexity T (f, h), which measures the local branching of a tree computation, where h is the tree height of a vertex. They also study the bit complexity B(f, n) which is the complexity of computing the first n input/ output symbols. Tree complexity is introduced in H. Niederreiter and M. Vielhaber, J. Complexity 12 (1996), 187-198 (MR 97g:94025).
The 3x + 1 function is considered as an example showing that some of the general complexity bounds they obtain are sharp. Interpreting the domain {0, 1} ∞ as the 2-adic integers, the map Q ∞ associated to the 3x + 1 map given in Lagarias (1985) [Theorem L] is a function of this kind. It is invertible and the inverse map Q −1 ∞ is studied in Bernstein (1994) and Bernstein and Lagarias (1996) . In Theorem 33 the authors give a 5-state shift automaton that computes the "shift commutator" of the 3x + 1 function, which they show takes a 2-adic integer a to a if a is even, and to 3a + 2 if a is odd. In Theorem 34 they deduce that the tree complexity of Q ∞ is bounded by a constant. Here Q ∞ corresponds to their function T (c, ·). This paper describes numerical and graphical experiments iterating generalizations of the 3x + 1 function. It plots basins of attraction and false color pictures of escape times for various generalizations of the 3x + 1 function to the real line, as in Chamberland (1996) , and to the complex plane, as in Letherman, Schleicher and Wood (1999). It introduces a new generalization to the complex plane , the winding 3x+1 function,
Plots of complex basins of attraction for Chamberland's function appear to have a structure resembling the Mandlebrot set, while the basins of attraction of the winding 3x + 1 function seems to have a rather different structure. The programs were written in the computer language J. This paper studies the real dynamics of the function
in which the function
This function agrees with the 3x+ 1-function on the integers. The authors show that this function has negative Schwartzian derivative on the region x > 0. They study its periodic orbits and critical points, and show that any cycle of positive integers is attractive. They define an extension of the notion of total stopping time to all real numbers x that are attracted to the periodic orbit {1, 2}, representing the number of steps till the orbit enters the immediate basin of attraction of this attracting periodic orbit. They formulate the odd critical point conjecture, which asserts for an odd positive integer n ≥ 3 with associated nearby critical point c n , that the critical point c n is attracted to the periodic orbit {1, 2}, and that c n and n have the same total stopping time. This paper formulates some weakenings of the 3x + 1 problem where stronger results can be proved. It first shows that iteration of the map
if n ≡ 7 or 11 (mod 12);
on the positive integers has all trajectories get to 1. The trajectories of the iterates of these functions can have arbitrarily long subsequences on which the iterates increase. The author then asks questions of the type: "Which integers can be represented in a multiplicative semigroup whose generators are a specified infinite set of rational numbers?" He proves that the integers represented by the multiplicative semigroup generated by { 
This paper considers iterations of the Collatz function C(x).
If a = (a 1 , a 2 , ..., a n ) is a finite Collatz trajectory starting from a 1 , with a n = 1 being the first time 1 is reached, they assign the statistic C(a) = a 1 a 2 + a 2 a 3 + ... + a n−1 a n + a n a 1 a 2 1 + a 2 2 + ... + a 2 n .
They prove that This thesis consists of 8 short chapters.
Chapter 2 describes symbolic dynamics of the 3x+1 map T , calling it the Collatzfunction d, and noting it extends to the domain of 2-adic integers Z 2 . He encodes a symbolic dynamics of forward iterates, using binary labels (called I and O, described here as 1 and 0). He introduces the 3x + 1 conjugacy map, denoting it T .
Chapter 3 studies the set of rational periodic points, letting Q 2 denote the set of rationals with odd denominators. He observes that there are none in the open interval (−1, 0).
Chapter 4 studies periodic cycles using Farey sequences, following Halbeisen and Hungerbühler (1997).
Chapter 5 studies unbounded orbits, observing that for rational inputs r ∈ Q 2 has an unbounded orbit if and only if r ∈ Q 2 .
Chapter 6 studies rational cycles with a fixed denominator N , Chapter 7 studies periodic points of the 3x + 1 conjugacy map. The fixed point 1 3 is known. An algorithm which searches for periodic points is described. 
is a permutation belonging to RCW A(Z).
Some of the results of the thesis are as follows. The group RCW A(Z) is not finitely generated (Theorem 2.1.1). It has finite subgroups of any isomorphism type (Theorem 2.1.2). It has a trivial center (Theorem 2.1.3). It acts highly transitively on Z (Theorem 2.1.5). All nontrivial normal subgroups also act highly transitively on Z, so that it has no notrivial solvable normal subgroup (Corollary 2.1.6). It has an epimorphism sgn onto {1, −1}, so has a normal subgroup of index 2 (Theorem 2.12.8). Given any two subgroups, it has another subgroup isomorphic to their direct product(Corollary 2.3.3). It has only finitely many conjugacy classes of elements having a given odd order, but it has infinitely many conjugacy classes having any given even order (Conclusion 2.7.2).
The author notes that the 3x+1 function can be embedded as a permutation in
, where it represents the iteration projected onto the x-coordinate.
The author develops an algorithm for efficiently computing periodically linear functions, whether they are permutations or not. Periodically linear functions are functions which are defined as affine functions on each congruence class j (mod M ) for a fixed modulus M , as in Lagarias (1985) . The 3x + 1 function is an example of such a function. The author has written a corresponding package RCWA (Residue Class-Wise Affine Groups) for the computational algebra and group theory system GAP (groups, Algorithms, Programming). This package is available for download at: http://www.gap-system.org/Packages/rcwa.html. A manual for RCWA can be found at: http://www.gap-system.org/Manuals/pkg/rcwa/doc/manual.pdf A mapping f : Z → Z is called residue class-wise affine (abbreviated RCWA) if it is affine on residue classes ( mod m) for some fixed m ≥ 1. (This class of functions was termed periodically linear in Lagarias (1985) .) The smallest such m is called the modulus of f . This class of functions is closed under pointwise addition and under composition. A function f is called tame if the modulus of its k-th iterate remains bounded as k → ∞; it is wild otherwise. The author shows that if f : Z → Z is an RCWA -function, which is surjective, but not injective, then f is necessarily wild. The paper also presents counterexamples showing that each of the three other possible combinations of hypotheses of (non-)surjectivitiy or of (non)-injectivity of f permits no conclusion whether it is tame or wild. A map f : Z → Z is said to be almost contracting if there is a finite set S such that every trajectory of f visits this finite set. This property holds if and only if there is a permutation σ of the integers such that g = σ −1 • f • σ decreases absolute value off a finite set, a property that is called em monotonizable. Suppose that f : Z → Z is a surjective, but not injective, RCWA mapping (see Kohl(2006+) for a definition) having the property that the preimage set of any integer under f is finite. The main result asserts that if f is almost contracting and k such that the k-th iterate f (k) decreases almost all integers, then any permutation σ that establishes the almost contracting property of f cannot itself be an RCWA mapping.
The 3x + 1 function T (x) is believed to be a function satisfying the hypotheses of the author's main result: It is surjective but not injective, and is believed to be almost contracting. The almost contacting property for the 3x + 1 map is equivalent to establishing that its iteration on Z has only finitely many cycles and no divergent trajectories. The author extends the 3x + 1 function to the real line as:
The paper shows that the only periodic orbits of the function U (x) on the positive real numbers are those on the positive integers. The paper also considers some related functions. Benford's law says that the leading digit of decimal expansions of certain sequences are not uniformly distributed, but have the probability of digit j being log 10 (1 + 1 j ). This paper gives a general method for verifying Benford's law for certain sequences. These include special values of L-functions and ratios of certain 3x + 1 iterates, the latter case being covered in Theorem 5.3. It considers the 3x+1 iteration in the form of Sinai(2003a) and Kontorovich and Sinai (2002) , which for an odd integer x has m(x) being the next odd integer occurring in the 3x + 1 iteration. For a given real base B > 1 it looks at the distribution of the quantities log B (x m /( This
A path of m iterates can be specified by the values (k 1 , k 2 , ..., k m ) and a residue class ǫ (mod dg), and set k = k 1 + k 2 + ... + k m . The structure theorem states that exactly (d − 1) m triples (q, r, δ) with 0 ≤ q < d k , 0 < r < g m and δ ∈ E = {j : 1 ≤ j < dg, d ∤ j, g ∤ j} produce a given path, and for such a triple (q, r, δ) and all x ∈ Z,
They deduce that, as m → ∞, a properly logarithmically scaled version of iterates converges to a Brownian motion with drift log g − This paper deals with the problem of obtaining lower bounds for π a (x), the counting function for the number of integers n ≤ x that have some 3x + 1 iterate T (k) (n) = a. It improves the nonlinear programming method given in Applegate and Lagarias (1995b) for extracting lower bounds from the inequalities of Krasikov (1989) . It derives a nonlinear program family directly from the Krasikov inequalities (mod 3 k ) whose associated lower bounds are expected to be the best possible derivable by this approach. This paper considers some problems about multiplicative semigroups of positive rationals motivated by work of Farkas (2005) This paper studies iteration of the "approximate squaring" map f (x) = x⌈x⌉, and asks the question whether for a rational starting value x 0 = r > 1 some iterate is an integer. It conjectures that the answer is always "yes", and proves it for rationals r with denominator 2. It shows that this holds for most rationals having a fixed denominator d ≥ 3 with an exceptional set of integers below x of size at most O(x α d ) for certain constants 0 < α d < 1. It then considers a variant of this problem on the p-adic numbers, where an exceptional set exists and is shown to have Hausdorff dimension equal to α p .
The paper also studies the iteration of "approximate multiplication" maps f r (x) = r⌈x⌉, where r is a fixed rational number. It conjectures that for r > 1 all but a finite number of integer starting values have some subsequent iterate that is an integer, and proves this for rationals r with denominator 2. It shows for rationals r with denominator d that the size of the exceptional set of integers below x that have no integer in their forward orbit under f r has cardinality at most O( (2005) proved results concerning Benford's law for initial 3x + 1 iterates, in a double limit as the number of iterates N → ∞. This paper proves a quantitative version of Benford's law valid for finite N . Benford's law (to base B) for an infinite sequence {x k : k ≥ 1} of positive quantities x k is the assertion that {log B x k : k ≥ 1} is uniformly distributed (mod 1). This paper studies the initial iterates x k = T (k) (x 0 ) for 1 ≤ k ≤ N of the 3x + 1 function, where N is fixed. It shows that for most initial values x 0 , such sequences approximately satisfy Benford's law, in the sense that the discrepancy of the finite sequence {log B x k : 1 ≤ k ≤ N } is small. The precise result treats the uniform distribution of initial values 1 ≤ x 0 ≤ X, with x ≥ 2 N , and shows that for any (real) base B > 1 the discrepancy is smaller than 2N for x ≡ i (mod d) to be injective maps, resp. surjective maps, on the integers. These give as a corollary a criterion of Venturini (1997) for such a map to be a permutation of the integers.
Kontorovich and Miller
The author frames some of his results in terms of concepts involving integer matrices. He introduces a notion of gcd matrix if its elements can be written M ij = gcd(m i , m j ) and a difference matrix if its elements can be written M ij = m i − m j . Then he considers a relation that M is a total non-divisor of N if M ij ∤ N ij for all i, j. Then the author's condition for injectivity of a generalized Collatz map above is that the d × d gcd matrix
A very interesting result of the author is an explicit example of an injective function T (·) in the class above which has a (provably) divergent trajectory, and which has iterates both increasing and decreasing in size. This particular map T is not surjective. This paper establishes conditions on non-trivial cycles on the positive integers of the 3x + 1 function. Let n denote the cycle length, and let {x 1 , ..., x k } denote the set of odd integers that appear in such a cycle, so that 1 ≤ k < n, and let l j denote the number of iterates between x i and x i+1 , so that x i+1 = 3x i +1 2 l i , and n = k i=1 l i . Let 1 ≤ J ≤ k denote the number of blocks of consecutive l j taking the same value, say L j , with the block length N j for 1 ≤ j ≤ J, so that
Call an ascent a value L j = 1, i.e. a consecutive string of increasing values x i < x i+1 < ... < x i+N j −1 with x i−1 > x i and x i+N j < x i+N j −1 . The author's main result (Theorem 1) states that there is an absolute constant C 1 such that there are at least C 1 log n ascents in any cycle. In particular for any fixed c, there are only finitely many nontrivial cycles of positive integers having at most c ascents. This result improves on that of Mimuro (2001). The proof uses transcendence results coming from linear forms in logarithms.
This result complements a result of Brox (2000), who showed that there are only finitely many integer cycles having at most 2 log k descents, where a descent is a value i such that x i+1 < x i .
Note. A misprint occurs in the the definition of l i on page 32, in condition (ii) "largest" should read "smallest". This paper discusses the behavior of 3x + 1-like mappings and surveys many example functions as considered in Matthews and Watts (1984, 1985) , Leigh (1986) , Leigh and Matthews (1987) and Matthews (1992), see also Venturiri (1992). A particularly tantalizing example is
K. R. Matthews (2005+),
Almost all trajectories contain an element n ≡ 0 (mod 3) and once a trajectory enters the set {n : n ≡ 0 (mod 3)} it stays there. Matthews offers $100 to show that if a trajectory has all iterates U (k) (x) ≡ ±1 (mod 3) then it must eventually enter one of the cycles {1, −1} or {−2, −4, −2}. The paper also considers some maps on the rings of integers of an algebraic number field, for example U :
The author conjectures that if Remark. There are two known integer orbits on the negative integers of the author's form. They are n = −1 with symbol seqence (1), where (i, j, k) = (1, * , 0), and The authors consider the semigroup generated by the two maps T 1 (x) = 
They show that each orbit O + (x 0 ) is dense on (0, ∞). Furthermore they show that starting from x 0 one can get an iterate T (n 0 ) (x 0 ) within a given error ǫ of a given value y while remaining in the bounded region
They show that orbits having a periodic point are dense in (0, ∞). Finally they show that the group of homeomorphisms of the line generated by T 1 , T 2 consists of all maps x → 2 k 3 l x + This paper studies the iteration of the 3x + 1 map T (x) on the 2-adic integers Z 2 . It shows that the set of Aut(T ) = {U ∈ Aut(Z 2 ) : U T U −1 = T } consists of the identity map and a map Ω = Φ • V • Φ −1 where V (x) = −1 − x is the map reversing the bits in a 2-adic integer and Φ is the 3x + 1 Conjugacy map studied in Bernstein and Lagarias (1996) . It formulates the Autoconjugacy Conjecture that Ω(Q odd ) ⊆ Q odd , and proves this conjecture is equivalent to no rational number with odd denominator having a divergent T -orbit. It defines a notion of self-conjugate cycle under the 3x + 1 map, which is a periodic orbit C such that Ω(C) = C. It proves that {1, 2} is the only self-conjugate cycle of integers. It shows that all self-conjugate cycles consist of positive rational numbers. This paper shows that the 3x + 1 conjecture is true if it is true for all the integers in any arithmetic progression {A + Bn : n ≥ 0}, provided A ≥ 0, B ≥ 1. It gives analogous reductions for the divergent orbits conjecture and the nontrivial cycles conjecture.
T. Oliveira e Silva (2004+),
Computational verification of 3x + 1 conjecture, web document at http://www.ieeta.pt/tos/; email: tos@ieeta.pt.
In Oliveira e Silva (1999) the author reported on computations verifying the 3x + 1 conjecture for n < 3 · 2 53 = 2.702 × 10 if ⌈|z|⌉ is an even integer, and C(z) = 3z + 1 otherwise. A complex number has the tri-convergence property if its iterates contain three subsequences which converge to 1, 4 anbd 2, respectively. The 3x + 1 conjecture now asserts that all positive integers have the tri-convergence property. He gives a sufficient condition for a complex number to have this property, and uses it to show that z = 1 + i has the tri-convergence property. He states that it is unlikely that z = 3+5i has this property. The 3x+1 problem now asserts that all positive integers have the tri-convergence property. He gives some density plots of iterates exhibiting where they are large or small; self-similarity patterns are evident in some of them. The author makes conjectures about some of these patterns, close to the negative real axis.
Eric Roosendaal (2004+)
, On the 3x + 1 problem, web document, available at:
http://www.ericr.nl/wondrous/index.html
The author maintains an ongoing distributed search program for verifying the 3x + 1 Conjecture to new records and for searching for extremal values for various quantities associated to the 3x + 1 function. These include quantities termed the glide, delay, residue, completeness, and gamma. Many people are contributing time on their computers to this project.
As of February 2008 the 3x + 1 Conjecture is verified up to 612 × 2 50 ≈ 6.89 × 10 17 . The largest value γ(n) found so far is 36.716918 at n = 7, 219, 136, 416, 377, 236, 271, 195 ≈ 7.2 × 10 21 .
[The current record for verification of the 3x+1 conjecture published in archival literature is that of Oliveira e Silva (1999). Note that Oliveira e Silva has extended his computations to 5 × 10 18 , the current record.] The paper studies the class of functions U (x) = (l i x + m i )/n if x ≡ i (mod n), with il i + m i ≡ 0 ( mod n). These functions include the 3x + 1 function as a special case. They show that there is a bijection between the symbolic dynamics of the first k iterations and the last k digits of the input x written in base n if and only if n is relatively prime to the product of the l i . They show that for fixed n and any given {m i : 1 ≤ j ≤ k} and can find a set of coefficients {l i : 0 ≤ i ≤ n − 1} and {m i : 0 ≤ i ≤ n − 1} with n relatively prime to the product of the l i which give these values as a k-cycle, U (m i ) = m i+1 and U (m k ) = m 0 . They give numerical experiments indicating that for maps of this kind on k digit inputs (written in base n) "stochasticity" persists beyond the first k iterations. For the 3x + 1 problem itself (with base n = 2), it is believed that "stochasticity" persists for about c 0 k iterations, with c 0 = 2 log 2 (4/3) = 4.8187, as described in Borovkov and Pfeifer (2000), who also present supporting numerical data. This paper reformulates the Collatz iteration dynamics as a term rewriting system. ω-rewriting allows infinite input sequences and infinite rewriting. In effect the dynamics is extended to a larger domain, allowing infinitary inputs. The author shows the inputs extend to the the 3x + 1 problem on rationals with odd denominator. The infinitary extension seems analogous to extending the 3x + 1 map to the 2-adic integers. A positive integer is called pure if its entrie tree of preimages under the Collatz map C(x) contains no integer that is smaller than it is; otherwise it is called impure. Equivalently, an integer n is impure if there is some r < n with C (k) (r) = n for some k ≥ 1. Thus n = 4 is impure since C (5) (3) = 4. This paper develops congruence conditions characterizing pure and impure numbers, e.g. all n ≡ 0 (mod 18) are impure, while all n ≡ 9 (mod 18) are pure. It proves that the set of pure numbers and impure numbers each have a natural density. The density of impure numbers satisfies He introduces a notion of isomorphism between orbits {x n } and {y n } of two recurrence sequences, namely that there are nonzero integers α, β and an integer γ such that αx k + βy n = γ, for all n ≥ n 0 .
This notion takes place on the orbit level and is weaker than that of conjugacy of the maps. For example, he observes that each 3x + 1 orbit is isomorphic to some 3x + q orbit.
The author shows that the some sequences F 1 (a, b, c, d)(x) are isomorphic to some px + q orbits. He shows that no F 2 (a, b, c, d(x) orbit is isomorphic to a px + 1-map orbit. This paper analyzes iterations of the variant of the 3x + 1 map that removes all powers of 2 at each step, so takes odd integers to odd integers; the author restricts the iteration to the set Π of positive integers congruent to ±1( mod 6), which is closed under the iteration. It gives a Structure Theorem for the form of the iterates having a given symbolic dynamics. The discussion in section 5 can be roughly stated as asserting: There is an absolute constant c > 0 such that "most" 3x + 1 trees (mod 3 m ) contain at most e c √ m log m 2 2m /3 m nodes whose path to the root node has length at most 2m and which has exactly m odd iterates. Here one puts a probability density on such trees which for a given tree counts the number of such nodes divided by the total number of such nodes summed over all trees, and "most" means that the set of such trees having the property contains 1 − O(1/m) of the total probability, as m → ∞. (The total number of such nodes is 2 2m , and the total number of trees is 2 · 3 m−1 .) Furthermore at least 1 m of the probability is distributed among trees having at most M c 2 2m /3 m such nodes. From this latter result follows an entropy inequality (Theorem 5.1) which is the author's main re- Define the map U (x) taking the set Π of postive integers congruent to ±1 (mod 6) into itself, given by U (x) = 3x+1 2 k where k = k(x) is the largest power of 2 dividing 3x + 1. Then consider all the preimages at depth m under U (·) of a given integer y = 6r + δ with integer 0 ≤ r < 3 m and δ = ±1. This consists of the (infinite) set of all integers x such that U (m) (x) = y. Let such a preimage x have associated data (k 1 , k 2 , ..., k m ) with k j = k(U (j−1) (x)), and assign to x the weight 2 −(k 1 +...+km) multiplied by The paper shows that the "random "Syracuse conjecture is true in the sense that random Syracuse sequences get smaller than some specified bound B ≥ 1 almost surely. Consider identical independent 0 − 1 random variables X n having probability P [X n = 1] = p, P [X n = 0] = q = 1−p. The authors consider the random Syracuse model S n+1 = Finally they show that the parameters (σ, γ) can be chosen so that σ > c such that for all starting values S 0 ≥ B, one has T n ≥ S n holding at every step, as long as T n ≥ B, while T n → 0 with probability one. The conclude that some S n ≤ B with probability one. This paper presents a stochastic model for maps like the 5x + 1 problem, in which most trajectories are expected to diverge. For the 5x + 1 problem it is empirically observed that the number of values of n ≤ x that have some iterate equal to 1 appears to grow like x α , where α ≈ 0.68. The author develops stochastic models which supply a heuristic to estimate the value of α.
The stochastic model studied is a randomly labelled (rooted) binary tree model. At each vertex the left branching edge of the tree gets a label randomly drawn from a (discrete) real distribution X and the right branching edge gets a label randomly drawn from a (discrete) real distribution Y. Each vertex is labelled with the sum of the edge labels from the root; the root gets label 0. The rigorous results of the paper concern such stochastic models. The author assumes that both X and Y have positive expected values µ x , µ y , but that at least one random variable assumes some negative values. He also assumes that the moment generating functions of both variables are finite for all parameter values.
The author first considers for each real α > 0 the total number of vertices R n (α) at depth n in the tree having label ≤ nα, and sets R(α) = ∞ n=1 R n (α). He defines a large deviations rate function γ(α) associated to the random variable W that draws from −X or −Y with equal probability. He derives a large deviations criterion (Theorem 1) which states that if γ(−α) > log 2 then R(α) is finite almost surely, while if γ(−α) < log 2 then R(α) is infinite almost surely. The author next studies the quantity Q(x) counting the number of vertices with labels smaller than x. This is a refinement of the case α = 0 above. He supposes that γ(0) > log 2 holds, and shows (Theorem 2) that this implies that Q(x) is finite almost surely for each x. He then shows (Theorem 3) that β := lim He constructs a particular stochastic model of this kind that approximates the 5x + 1 problem. For this model he shows that Theorem 3 applies and computes that β ≈ 0.678.
The author observes that his stochastic model has similarities to the branching random walk stochastic model for the 3x+1 problem studied in Lagarias and Weiss (1992), whose analysis also used the theory of large deviations.
Remark. The exponential branching of the 5x + 1 tree above 1 allows one to prove that the number of such n ≤ x that have some 5x + 1 iterate equal to 1 is at least x β for some small positive β. This paper discusses an approach to prove positive predecessor density, which formulates three conjectures which, if proved, would establish the result. This approach presents in more detail aspects of the approach taken in the author's Springer Lecture Notes volume, Wirsching (1998a).
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